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Abstract
We analyze Parseval frames generated by the action of an ICC group on a Hilbert space. We parametrize
the set of all such Parseval frames by operators in the commutant of the corresponding representation. We
characterize when two such frames are strongly disjoint. We prove an undersampling result showing that if
the representation has a Parseval frame of equal norm vectors of norm 1√
N
, the Hilbert space is spanned by
an orthonormal basis generated by a subgroup. As applications we obtain some sufficient conditions under
which a unitary representation admits a Parseval frame which is spanned by a Riesz sequences generated
by a subgroup. In particular, every subrepresentation of the left-regular representation of a free group has
this property.
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Frames play a fundamental role in signal processing, image and data compression and sam-
pling theory. They provide an alternative to orthonormal bases, and have the advantage of pos-
sessing a certain degree of redundancy which can be useful in applications, for example when
data is lost during transmission. Also, frames can be better localized, a feature which lead to the
success of Gabor frames and wavelet theory (see, e.g., [5]).
The term “frame” was introduced by Duffin and Schaffer [6] in their study of non-harmonic
Fourier series, and has generated important research areas and remarkable breakthroughs [21].
Recent results show that frames can provide a universal language in which many fundamental
problems in pure mathematics can be formulated: the Kadison–Singer problem in operator al-
gebras, the Bourgain–Tzafriri conjecture in Banach space theory, paving Töplitz operators in
harmonic analysis and many others (see [3] for an excellent account).
Definition 1.1. Let H be a Hilbert space. A family of vectors {ei | i ∈ I } in H is called a frame if
there exist constants A,B > 0 such that for all f ∈ H,
A‖f ‖2 
∑
i∈I
∣∣〈f, ei〉∣∣2  B‖f ‖2.
If A = B = 1, then {ei | i ∈ I } is called a Parseval frame. If we only require the right-hand
inequality, then we say that {ei | i ∈ I } is a Bessel sequence.
In their seminal paper by Han and Larson [13], operator theoretic foundations for frame theory
and group representations where formulated. One of the key observations in their paper was that
every Parseval frame is the orthogonal projection of an orthonormal basis. This lead them to the
notion of disjointness of frames.
Definition 1.2. Let {ei | i ∈ I }, {fi | i ∈ I } be two Parseval frames for the Hilbert spaces H1 and
H2 respectively. The Parseval frames are called strongly disjoint if {ei ⊕ fi | i ∈ I } is a Parseval
frame for H1 ⊕ H2. Similarly, if we have {e1i | i ∈ I }, . . . , {eNi | i ∈ I } Parseval frames for the
Hilbert spaces Hi respectively, we say that these frames form an N -tuple of strongly disjoint
Parseval frames if {e1i ⊕ · · · ⊕ eNi | i ∈ I } is a Parseval frame for H1 ⊕ · · · ⊕ HN .
The Parseval frames are called unitarily equivalent if there exists a unitary operator
U : H1 → H2 such that Uei = fi for all i ∈ I .
If the direct sum of two Parseval frames is an orthonormal basis, we say that one is the com-
plement of the other, or one complements the other.
Many properties of frames are encoded in the associated frame transform (or analysis opera-
tor). It is the operator that associates to a vector its coefficients in the given frame.
Definition 1.3. Let E := {ei | i ∈ I } be a Bessel sequence in a Hilbert space H. The operator
ΘE : H → l2(I ) defined by
ΘE(f ) =
(〈f, ei〉)i∈I (f ∈ H)
is called the analysis operator or frame transform associated to E .
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Proposition 1.4. (See [13].) Let E := {ei | i ∈ I } and F := {fi | i ∈ I } be two Parseval frames for
the Hilbert spaces H1 and H2 respectively. Then E and F are unitarily equivalent iff the frame
transforms ΘE and ΘF have the same range. The following affirmations are equivalent:
(i) The Parseval frames E and F are strongly disjoint.
(ii) The frame transforms ΘE and ΘF have orthogonal ranges.
(iii) Θ∗FΘE = 0.(iv) For all v1 ∈ D1, v2 ∈ D2, where D1, D2 are dense in H1,H2 respectively,∑
i∈I
〈v1, ei〉〈v2, fi〉 = 0.
In what follows we will call two Bessel sequences (with same index set) strongly disjoint if
the range spaces of their analysis operators are orthogonal.
In this paper we will be interested only in the Parseval frames generated by the action of an
infinite-conjugacy-classes (ICC) group on a Hilbert space. The ICC property implies that the
associated left-regular representation is a II1 factor, and we can use the theory of factor von
Neumann algebras [18]. Our purpose is to follow and further the results in [13].
After the Han–Larson paper, frames for abstract Abelian groups have been studied in [1,22]
using Pontryagin duality. As we shall see, Parseval frames for ICC groups have quite different
properties. Many strongly disjoint Parseval frames can be found in the same representation (The-
orem 2.2), and there are undersampling results in some cases (Proposition 3.1 and Theorem 3.3).
Frames for ICC groups fit into the more general theory of group-like unitary systems, a the-
ory which has the Gabor (or Weyl–Heisenberg) frames as the central example, see [8,11,14] for
details.
Definition 1.5. Let G be a countable group. Let π be a unitary representation of G on the Hilbert
space H. A vector ξ ∈ H is called a frame/Parseval frame/ONB vector for H (with the represen-
tation π ) iff {π(g)ξ | g ∈ G} is a frame/Parseval frame/ONB for H.
Two Parseval frame vectors ξ, η for H are called unitarily equivalent/strongly disjoint if
the corresponding Parseval frames {π(g)ξ | g ∈ G} and {π(g)η | g ∈ G} are unitarily equiva-
lent/strongly disjoint. Similarly for an N -tuple of strongly disjoint Parseval frame vectors.
As shown in [13], every representation of a group that has a Parseval frame vector is isomor-
phic to a sub-representation of the left-regular representation (Proposition 1.8).
Definition 1.6. Let G be a countable group. The left-regular representation λ of G is defined on
l2(G) by
(
λ(g)ξ
)
(h) = ξ(g−1h) (ξ ∈ l2(G), h ∈ G, g ∈ G).
Equivalently, if δg , g ∈ G is the canonical orthonormal basis for l2(G), then
λ(g)δh = δgh (h, g ∈ G).
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The right-regular representation ρ of G is defined on l2(G) by
(
ρ(g)ξ
)
(h) = ξ(hg) (ξ ∈ l2(g), h ∈ G, g ∈ G).
Equivalently,
ρ(g)δh = δhg−1 (h, g ∈ G).
The group G is called an ICC (infinite conjugacy classes) group if, for all g ∈ G, g 
= e, the
set {hgh−1 | h ∈ G} is infinite.
The commutant of the von Neumann algebra L(G) is the von Neumann algebra generated by
the right-regular representation ρ. When the group is ICC, L(G) is a II1 factor (see [18]).
The paper is organized as follows: in Section 2, we study the general properties of Parseval
frames for ICC groups. In Theorem 2.2 we show how a Parseval frame vector can be comple-
mented by several other Parseval frame vectors for the same representation and a “remainder”
Parseval frame vector for a subspace. While Lemma 2.3 characterizes strongly disjoint Parseval
frame vectors in terms of their cyclic projections we present some new properties along the same
lines in Proposition 2.5.
We give a parametrization of Parseval frame vectors in Theorem 2.6. Another such
parametrization was given in [13], see Theorem 1.9. The advantage of our parametrization is
that it uses operators in the commutant in the representation, so it can be extended to all the
vectors of the frame. Theorem 2.7 characterizes strong disjointness and unitary equivalence in
terms of this parametrization.
In Section 3 we will be interested in the relation between Parseval frames and subgroups. We
will work with Parseval frame vectors that have norm-square equal to 1
N
with N ∈ N and we
will assume that there exists a subgroup H of index N . We give two “undersampling” results:
in Proposition 3.1, we show that in this situation, there exist orthonormal bases generated by
the action of the subgroup H , and in Theorem 3.3 we show that, if in addition H is normal,
then we can construct N strongly disjoint Parseval frame vectors such that, when undersampled
to the subgroup, they form orthonormal bases (up to a multiplicative constant). We apply these
results to the Feichtinger frame decomposition problem for free groups to get that every frame
representation for free groups admits a frame that is a finite union of Riesz sequences.
Definition 1.7. We will use the following notations: if A is a set of operators on a Hilbert space H,
then A′ is the commutant of A, i.e., the set of all operators that commute with all the operators
in A. A′′ is the double-commutant, i.e., the commutant of A′. By von Neumann’s double com-
mutant theorem, A′′ coincides with the von Neumann algebra generated by A. Two (orthogonal)
projections p and q in a von Neumann algebra A are said to be equivalent (denoted by p ∼ q)
if there exists an operator (partial isometry) u ∈ A such that uu∗ = p and u∗u = q . A von Neu-
mann algebra A is finite it there is no proper projection of I that is equivalent to I in A. We refer
to [19] for more details and some properties about von Neumann algebras that will be used in the
rest of the paper.
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representation of G on HN defined by
πN(g) = π(g)⊕ · · · ⊕ π(g)︸ ︷︷ ︸
N times
(g ∈ G).
If p′ is a projection in π(G)′, then πp′ is the representation of G on p′H defined by
(πp′)(g) = p′π(g)p′ (g ∈ G).
If M is a von Neumann algebra with a trace, we will denote the trace by trM
The next proposition proved by Han and Larson in [13] is the starting point for the theory of
Parseval frames for groups. It shows that any Parseval frame generated by the representation of a
group is in fact isomorphic to the projection of the canonical basis in the left-regular representa-
tion of the group. The isomorphism is in fact the frame transform, the projection is its range and
it lies in the commutant of the left-regular representation.
Proposition 1.8. (See [13].) Let G be a countable ICC group and let π : G → U(H) be a unitary
representation of the group G on the Hilbert space H. Suppose ξ ∈ H is a Parseval frame vector
for H. Then:
(i) The frame transform Θξ is an isometric isomorphism between H and the subspace p′l2(G),
where p′ := ΘξΘ∗ξ .
(ii) The frame transform Θξ intertwines the representations π on H and λ on l2(G), i.e.,
Θξπ(g) = λ(g)Θξ , for all g ∈ G. The projection p′ := ΘξΘ∗ξ commutes with λ(G).
(iii) Θξξ = p′δe, Θ∗ξ δe = ξ . The trace of p′ in L(G)′ is trL(G)′(p′) = ‖ξ‖2.
Thus the Parseval frame {π(g)ξ | g ∈ G} for H is unitarily equivalent to the Parseval frame
{λ(g)p′δe | g ∈ G} for p′l2(G), via the frame transform Θξ .
In [13], the authors proved that Parseval vectors can be parametrized by unitary operators in
the algebra π(G)′′. Note that these operators are not in the commutant, and this has the draw-
back that one can not map the entire Parseval frame into the other. We will give an alternative
parametrization, that uses operators in the commutant in Proposition 2.6.
Theorem 1.9. (See [13].) Let G be a countable ICC group and let π : G → U(H) be a unitary
representation of the group G on the Hilbert space H. Suppose ξ ∈ H is a Parseval frame vector
for H. Then η ∈ H is a Parseval frame vector for H if and only if there exists a unitary u ∈ π(G)′′
such that uξ = η. In particular ‖η‖ = ‖ξ‖.
2. General theory: A new parametrization theorem
We will consider an ICC group G and π : G → U(H) a unitary representation of the group
on the Hilbert space H. We will assume that this representation has a Parseval frame vector ξ1.
The main goal of this section is to obtain an alternate parametrization of all the Parseval frame
vectors by using operator vectors with entries in the commutant of π(G). Although the focus of
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will discuss the details at the end of this section.
The norm-square of the vector ‖ξ1‖2 fits into one N times, and there may be some remainder
0 r  ‖ξ1‖2. The next theorem shows that we can complement the Parseval frame vector ξ1 by
N − 1 Parseval frame vectors for H and one “remainder” Parseval frame vector for a subspace
of H. Moreover, the complementing procedure works also if we start with several strongly dis-
joint Parseval frame vectors for H. Of course, if ‖ξ1‖2 = 1N with N ∈ N, the remainder Parseval
vector is not needed and can be discarded. Our results have a simpler statement if the extra as-
sumption ‖ξ1‖2 = 1N is added, and the remainders disappear. We recommend the reader do this
for an easier understanding of the statements. However we sacrificed (part of) the aesthetics for
generality.
Lemma 2.1. (See [9,13].) Let G be a countable ICC group and let π : G → U(H) be a unitary
representation of the group G on the Hilbert space H. Suppose ξ ∈ H is a Parseval frame vector
for H and let p′ξ = ΘξΘ∗ξ and p′ be a projection in L(G)′. Then
(i) p′ ∼ p′ξ in the von Neumann algebra L(G)′ if and only if there exists a Parseval frame vector
η for H such that p′ = p′η;
(ii) p′ is equivalent to a subprojection of p′ξ if and only if there exists a Parseval frame vector η
for span{π(g)η: g ∈ G} such that p′ = p′η;
Theorem 2.2. Let G be a countable ICC group and let π : G → U(H) be a unitary representation
of the group G on the Hilbert space H. Suppose ξ1 ∈ H is a Parseval frame vector for H. Let
N :=  1‖ξ1‖2  ∈ N.
(i) There exist ξ2, . . . , ξN , ξN+1 ∈ H with the following properties:
(a) ξ2, . . . , ξN are Parseval frame vectors for H.
(b) ‖ξN+1‖2 = 1 − N‖ξ1‖2 =: r < ‖ξ1‖2, and there exists a projection p′r ∈ π(G)′ such
that {π(g)ξN+1 | g ∈ G} is a Parseval frame for p′rH, so ξN+1 is a Parseval frame
vector for p′rH with the representation πr := πp′r .
(c) ξ1, . . . , ξN+1 is a strongly disjoint N + 1-tuple of Parseval frame vectors.
(ii) If ξ1, . . . , ξN+1 are as in (i) then there is no vector ξN+2 such that ξN+2 is a Parseval
frame vector for some representation πN+2 of G, and ξN+2 is strongly disjoint from all ξi ,
i = 1,N + 1.
(iii) If 1 M  N and ξ1, . . . , ξM is a strongly disjoint M-tuple of Parseval frame vectors for
H, then there exist ξM+1, . . . , ξN , ξN+1 such that the properties in (i) are satisfied.
Proof. (i) Let p′1 = Θξ1Θ∗ξ1 . Since L(G)′ is a factor von Neumann algebra, we have that there
exist mutually orthogonal projections p′2, . . . , p′N,p′N+1 in L(G)′ such that p′i ∼ p′1 for i =
2, . . . ,N , p′N+1 is equivalent to a subprojection of p′1 and
∑N+1
i=1 p′i = I . By Lemma 2.1, there
exist ξ2, . . . , ξN , ξN+1 ∈ H such that ξ2, . . . , ξN are Parseval frame vectors for H with p′i = p′ξi ,
and ξN+1 has the property that {π(g)ξN+1 | g ∈ G} is a Parseval frame for its closed linear
span. Since p′1, . . . , p′N,p′N+1 are mutually orthogonal, we get that ξ1, . . . , ξN+1 is a strongly
disjoint N + 1-tuple of Parseval frame vectors. Moreover, from ∑N+1i=1 p′i = I we obtain that
ξ1 ⊕· · ·⊕ ξN ⊕ ξN+1 has norm one and hence it is an ONB vector for πN ⊕πr , where πr = πp′r
and p′ is the orthogonal projection onto span{π(g)ξN+1 | g ∈ G}.r
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is a Parseval frame vector with ‖ζ‖ > 1, and this is impossible.
(iii) This clearly is a more general form of (i), and the proof is exactly as in the proof
of (i). 
The following two more lemmas are needed in the proof of Theorem 2.6.
Lemma 2.3. (See [15].) Let G be a countable group and let π : G → U(H) be a unitary repre-
sentation of the group G on the Hilbert space H. Assume there exists a Parseval frame vector ξ1
for H. Suppose η1, η2 are two Parseval frame vectors for some subspaces of H. Let pηi be the
projection onto the subspace π(G)′ηi , i = 1,2. Then
(i) The two Parseval frame vectors η1, η2 are strongly disjoint if and only if projections pη1,pη2
are orthogonal.
(ii) The two Parseval frame vectors η1, η2 are unitarily equivalent if and only if pη1 = pη2 .
Lemma 2.4. (See [7].) Let G be a countable group and let π : G → U(H) be a unitary repre-
sentation of the group G on the Hilbert space H. Assume there exists a Parseval frame vector
ξ1 for H. Suppose η is a Parseval frame vector for a subspace of H. Then there exists a vector
ζ such that η + ζ is a Parseval frame vector for H, and η and ζ are strongly disjoint Parseval
frame vectors.
Proposition 2.5. Let G be a countable ICC group and let π : G → U(H) be a unitary represen-
tation of the group G on the Hilbert space H. Assume that there exists a Parseval frame vector
ξ1 for H. For ξ ∈ H, let pξ be the projection onto the subspace π(G)′ξ .
(i) If η is a Parseval frame vector for a subspace for H then trπ(G)′′(pη) = ‖η‖2.
(ii) If η is a Parseval frame vector for H and u is a unitary operator in π(G)′′, then the Parseval
frame vector uη is strongly disjoint from η iff uη is orthogonal to the range of pη, and in
this case pη ⊥ puη.
(iii) Let N  1,N ∈ Z, and suppose ξ1, . . . , ξN+1 is a strongly disjoint N + 1-tuple of Parseval
frame vectors for some subspaces of H, with ∑N+1i=1 ‖ξi‖2 = 1. Then the projections pξi ,
i = 1, . . . ,N are mutually orthogonal, and pξ1 + · · · + pξN+1 = 1.
Proof. By Proposition 1.8, we can assume H = p′l2(G) and π = λp′ for some projection
p′ ∈ L(G)′ with trL(G)′(p′) = ‖ξ1‖2.
Let p′η be the projection onto the subspace π(G)′′η generated by the Parseval frame vector η.
Then pη ∈ π(G)′ and by [18, Remark 2.2.5] we have
dimπ(G)′′ H = trπ(G)
′′(pη)
trπ(G)′(p′η)
.
But, by [18, Proposition 2.2.6(vi)],
dimπ(G)′′ H = dimL(G)p′
(
p′l2(G)
)= trL(G)′(p′)dimL(G) l2(G) = ‖ξ1‖2.
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trπ(G)′
(
p′η
)= trp′L(G)′p′(p′η)= trL(G)′(p′η)trL(G)′(p′) = ‖η‖
2
‖ξ1‖2 .
We used the fact that p′η ∈ L(G)′ is the projection onto the subspace in H ⊂ l2(G) spanned by the
Parseval frame {π(g)η = λ(g)η | g ∈ G}, and therefore, by Proposition 1.8, trL(G)′(p′η) = ‖η‖2.
From these equalities, (i) follows.
To prove (ii), we use Theorem 1.9 to see that uη is a Parseval frame vector. By Lemma 2.3,
the Parseval frame vectors are disjoint iff pη and puη are orthogonal. Thus one implication is
trivial. If uη is orthogonal to the range of pη , then for all x′, y′ ∈ π(G)′ we have 〈x′uη,y′η〉 =
〈uη,x′ ∗y′η〉 = 0 so puη is perpendicular to pη.
For (iii), with Lemma 2.3, we have that pξi are mutually orthogonal. From (i), we have that
trπ(G)′′
(
N+1∑
i=1
pi
)
=
N+1∑
i=1
‖ξi‖2 = 1,
therefore
∑N+1
i=1 pi = 1. 
Now we are ready to parametrize the Parseval frame vectors for H. As we mentioned before,
such a result was given in [13], see Theorem 1.9. The drawback of their result is that they are
using operators in the von Neumann algebra π(G)′′ itself, not in its commutant. We give here a
parametrization that uses operators in the commutant. As Han and Larson proved in their paper,
we cannot expect to use unitary operators in π(G)′. Instead, we will use the N + 1 strongly
disjoint Parseval frame vectors given by Theorem 2.2 and N + 1 operators in the commutant
π(G)′ that satisfy the orthogonality relation (2.2) which in fact represents the norm-one property
of a first row in a unitary matrix of operators.
Theorem 2.6. Let G be a countable ICC group and let π : G → U(H) be a unitary representation
of the group G on the Hilbert space H. Suppose ξi , i = 1, . . . ,N +1 is a strongly disjoint N +1-
tuple of Parseval frame vectors as in Theorem 2.2(i). Let η ∈ H be another Parseval frame vector
for a subspace of H, and let q ′ be the projection onto this subspace. Then there exist unique
u′i ∈ π(G)′, i = 1, . . . ,N + 1, with q ′u′i = u′i , i = 1, . . . ,N + 1, and u′N+1p′r = u′N+1 (where
p′r is the projection onto the span of the Parseval frame generated by the vector ξN+1, as in
Theorem 2.2) such that
η = u′1ξ1 + · · · + u′N+1ξN+1. (2.1)
Moreover
N+1∑
i=1
u′iu′ ∗i = q ′. (2.2)
Conversely, if the vector η is defined by (2.1) with u′i ∈ L(G)′, q ′u′i = u′i , i = 1, . . . ,N + 1, and
u′ p′ = u′ satisfying (2.2), then η is a Parseval frame vector for H.N+1 r N+1
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the entire space H.
By Theorem 2.2(iii), there exist η2, . . . , ηN+1 ∈ H that together with η1 := η form a strongly
disjoint N + 1-tuple of Parseval frame vectors as in Theorem 2.2(i). Then η1 ⊕ · · · ⊕ ηN+1 is an
ONB vector for πN ⊕ πp′r = λ. Then there exists a unitary u′ ∈ L(G)′ such that u′(ξ1 ⊕ · · · ⊕
ξN+1) = η1 ⊕ · · · ⊕ ηN+1.
Let p′i be the projections onto the ith component. We can identify p′N+1 = p′r , and in our case
q ′ = p′1. Let u′i := p′1u′p′i . Then u′i ∈ π(G)′, u′N+1p′r = u′N+1, and
N+1∑
i=1
u′iξi =
N+1∑
i=1
p′1u′p′i (ξ1 ⊕ · · · ⊕ ξN+1) = p′1u′
(
N+1∑
i=1
p′i
)
(ξ1 ⊕ · · · ⊕ ξN+1) = η1.
This proves (2.1).
To prove uniqueness, suppose
∑N+1
i=1 v′iξi = 0 for some operators v′i ∈ π(G)′, with v′N+1p′r =
v′N+1. Then, for all g ∈ G, π(g)
∑N+1
i=1 v′iξi = 0. By Lemma 2.3, the vectors v′iξi are mutually
orthogonal. Since π(g) is unitary, it follows that π(g)v′iξi = 0 for all i = 1, . . . ,N +1. Therefore
v′iπ(g)ξi = 0 for all g ∈ G, i = 1,N + 1. But π(g)ξi span H for i = 1, . . . ,N , and span p′rH for
i = N + 1. Therefore v′i = 0 for all i = 1, . . . ,N + 1. This implies the uniqueness.
We check now (2.2). We have
q ′ = p′1 = p′1u′u′ ∗p′1 = p′1u′
(
N+1∑
i=1
pi
)
u′ ∗p′1 =
N+1∑
i=1
p′1u′p′i
(
p′1u′p′i
)∗ = N+1∑
i=1
u′iu′ ∗i .
This proves (2.2).
For the converse, we can use [13, Proposition 2.21]. We include the details. Consider the frame
transforms Θi for the Parseval frame vectors ξi , Θi defined on H for i = 1, . . . ,N and on p′rH
for i = N + 1. We have, by Proposition 1.8, Θ∗i Θi = 1H for i = 1, . . . ,N , Θ∗N+1ΘN+1 = 1p′rH.
Note that Θu′i ξi = Θξiu′∗i for i = 1, . . . ,N + 1 and Θ∗i Θj = 0 for i 
= j . So we have
Θ∗ηΘη =
(
N+1∑
i=1
u′iΘ∗i
)(
N+1∑
i=1
Θiu
′∗
i
)
=
N+1∑
i,j=1
u′iΘ∗i Θju′ ∗j =
N+1∑
i=1
u′iu′ ∗i = I.
Hence η is a Parseval frame.
In the case when q ′  1, we have q ′ ∈ π(G)′ and, by Lemma 2.4, there exists a Parseval
frame vector η˜ for H such that η = q ′η˜. Using the proof above we can find u˜′i ∈ π(G)′ such that
η˜ =∑N+1i=1 u˜′iξi and all the other properties. Then we can define u′i := q ′u˜′i , i = 1, . . . ,N +1, and
a simple computation shows that the required properties are satisfied. The proof of uniqueness
and the converse in this case is analogous to the one provided for the case q ′ = 1. 
We can use the above parametrization result to characterize strongly disjoint (resp. unitary
equivalent) Parseval frame vectors in terms of the given parametrization. Recall that two Parseval
frame vectors η and ξ are unitary equivalent if and only if their analysis operators have the same
range spaces, which in turn is equivalent to the condition that ΘηΘ∗ = ΘξΘ∗.η ξ
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of the group G on the Hilbert space H. Suppose ξi , i = 1, . . . ,N +1 is a strongly disjoint N +1-
tuple of Parseval frame vectors as in Theorem 2.2(i). Let η, ζ ∈ H, be two Parseval frame vectors
for some subspaces of H. Suppose
η = u′1ξ1 + · · · + u′N+1ξN+1, ζ = v′1ξ1 + · · · + v′N+1ξN+1,
with u′i , v′i ∈ π(G)′, i = 1,N + 1, u′N+1p′r = u′N+1, v′N+1p′r = v′N+1. Then we have
(i) η and ζ are strongly disjoint if and only if
v′1u′ ∗1 + · · · + v′N+1u′ ∗N+1 = 0. (2.3)
(ii) η and ζ are unitary equivalent if and only if[
u′ ∗1 , . . . , u′ ∗N+1
]t[
u′1, . . . , u′N+1
]= [v′ ∗1 , . . . , v′ ∗N+1]t[v′1, . . . , v′N+1], (2.4)
where “t” represents the transpose of the row vector.
Proof. (i) Let ψ,ψ ′ ∈ H. Then, by Proposition 1.4, η and ξ are disjoint if and only if
0 =
∑
g∈G
〈π(g)η,ψ〉〈π(g)ζ,ψ ′〉= ∑
g∈G
〈
π(g)
(
N+1∑
i=1
u′iξi
)
,ψ
〉〈
π(g)
(
N+1∑
j=1
v′j ξj
)
,ψ ′
〉
=
N+1∑
i,j=1
∑
g∈G
〈
π(g)ξi, u
′ ∗
i ψ
〉〈
π(g)ξj , v
′ ∗
j ψ
′〉= (since ξi are mutually disjoint)
=
N+1∑
i=1
∑
g∈G
〈
π(g)ξi, u
′ ∗
i ψ
〉〈
π(g)ξi, v
′ ∗
i ψ
′〉
= (since ξi is a Parseval frame vector, u′ ∗N+1ψ,v′ ∗N+1ψ ∈ p′rH)
=
N+1∑
i=1
〈
u′ ∗i ψ, v′ ∗i ψ
〉=
〈
N+1∑
i=1
v′iu′ ∗i ψ,ψ ′
〉
.
Since ψ,ψ ′ ∈ H are arbitrary, the proof of (i) is complete.
(ii) Let Θi be the analysis operator for ξi . Then Θη =∑N+1i=1 Θiu′ ∗i and Θζ =∑N+1i=1 Θiv′ ∗i .
Then η and ζ are unitary equivalent if and only if ΘηΘ∗η = ΘζΘ∗ζ , i.e.,
N+1∑
i=1
Θiu
′ ∗
i Θ
∗
η =
N+1∑
i=1
Θiv
′ ∗
i Θ
∗
ζ .
Since Θi have orthogonal range spaces, we have that the above equation holds if and only if
Θiu
′ ∗Θ∗η = Θiv′ ∗Θ∗ (2.5)i i ζ
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i = 1, . . . ,N , Θ∗N+1ΘN+1 = p′r , u′N+1p′r = u′N+1 and v′N+1p′r = v′N+1, we obtain that u′ ∗i Θ∗η =
v′ ∗i Θ∗ζ for all i = 1, . . . ,N + 1, i.e.,
N∑
i=1
(
u′ ∗i u′i − v′ ∗i v′i
)
Θ∗i = 0.
Apply the above left-hand side operator to Θj(H) and use the fact Θ∗i Θj = 0 when i 
= j , we
get u′ ∗i u′i − v′ ∗i v′i = 0 for all i, j . Hence we have[
u′ ∗1 , . . . , u′ ∗N+1
]t [
u′1, . . . , u′N+1
]= [v′ ∗1 , . . . , v′ ∗N+1]t[v′1, . . . , v′N+1].
Conversely, if the above identity holds, then we clearly have
N∑
i=1
(
u′ ∗i u′i − v′ ∗i v′i
)
Θ∗i = 0
for all i and so we have that (2.5) holds for all i. Therefore η and ζ are unitary equivalent 
We conclude this section by pointing out that we also have similar results as Theorems 2.6
and 2.7 for frame representations of arbitrary countable groups. The following lemma replaces
Theorem 2.2 for the general group case. Note that, unlike the ICC group case, here we can not
require that ξ2, . . . , ξN are Parseval frame vectors for H. Recall that the cyclic multiplicity for
a subspace S of operators on H is the smallest cardinality k such that there exist vectors yi
(i = 1, . . . , k) with the property span{Syi : S ∈ S, i = 1, . . . , k} = H.
Lemma 2.8. (See [15].) Let π : G → U(H) be a unitary representation of a countable group
G on the Hilbert space H such that π(G)′ has cyclic multiplicity N + 1 (here N could be ∞).
Assume ξ1 is a Parseval frame vector for H. Then there exist ξi for i = 2, . . . ,N + 1 with the
properties:
(i) {π(g)ξi : g ∈ G} is a Parseval frame for Mi := span{π(g)ξi : g ∈ G};
(ii) ξi (i = 1, . . . ,N + 1) are mutually strongly disjoint;
(iii) there is no non-zero Bessel vector which is strongly disjoint with all ξi .
One fact we used in the proof of Theorem 2.6 is that two ONB vectors for a unitary represen-
tation are linked by a unitary operator in the commutant of the representation, i.e., all the ONB
vectors are unitarily equivalent. However, as we have already mentioned before this is no longer
true in general for non-ONB vectors. The following characterizes the representations that have
this property, and it is needed in order to prove our new parametrization result (Theorem 2.10)
for general countable groups.
Lemma 2.9. (See [9].) Let π : G → U(H) be a unitary representation of a countable group G
on the Hilbert space H and ξ be a Parseval frame vector for H. Then the following statements
are equivalent:
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(ii) Pξ = ΘξΘ∗ξ ∈ L(G)′ ∩L(G)′′;
(iii) a vector η is a Parseval vector for H if and only if there exists a unitary u′ ∈ π(G)′ such
that η = u′ξ .
Theorem 2.10. Let G be a countable group and let π : G → U(H) be a unitary representation
of the group G on the Hilbert space H. Suppose ξi , i = 1, . . . ,N + 1 are as in Lemma 2.8.
(i) Let η ∈ H. Then η is a Parseval frame vector for H if and only if there exist u′i ∈ π(G)′,
i = 1, . . . ,N + 1, with u′ip′i = u′i , i = 1, . . . ,N + 1 (where p′i is the projection onto the
closed linear span of {π(g)ξi : g ∈ G}) such that
η = u′1ξ1 + · · · + u′N+1ξN+1
and
∑N+1
i=1 u′iu′ ∗i = I . Moreover these u′is are unique.
(ii) Let η, ζ ∈ H, be two Parseval frame vectors for H such that
η = u′1ξ1 + · · · + u′N+1ξN+1, ζ = v′1ξ1 + · · · + v′N+1ξN+1,
with ui and vi satisfying the requirement as in (i). Then
(a) η and ζ are strongly disjoint if and only if
v′1u′ ∗1 + · · · + v′N+1u′ ∗N+1 = 0,
and
(b) η and ζ are unitary equivalent if and only if
[
u′ ∗1 , . . . , u′ ∗N+1
]t [
u′1, . . . , u′N+1
]= [v′ ∗1 , . . . , v′ ∗N+1]t [v′1, . . . , v′N+1].
Proof. We only give a sketch proof for the necessary part of (i). The rest is similar to the ICC
group case.
Let η is a Parseval frame vector for H. Then we have that p′η ∼ p′ξ1 in L(G)′ by Lemma 2.1.
Since L(G)′ is a finite von Neumann algebra, we can find projections [19] q ′i (i = 2, . . . ,N + 1)
such that p′η, q ′i (i = 2, . . . ,N + 1) are mutually orthogonal and q ′i ∼ p′ξi for i = 2, . . . ,N + 1.
From Lemma 2.1, there exist Parseval frame vectors ηi for Mi := span{π(g)ξi : g ∈ G} such
that p′ηi = q ′i (i = 2, . . . ,N + 1). Define unitary representation σ : G → U(K) (where K =H ⊕M2 ⊕ · · · ⊕MN+1) by
σ(g) = π(g) ⊕ π(g)pξ2 ⊕ · · · ⊕ π(g)pξN+1 .
Then both ξ˜ := ξ1 ⊕ · · · ⊕ ξN+1 and η˜ := η1 ⊕ · · · ⊕ ηN+1 are Parseval frame vectors for K.
By Lemma 2.8(iii) we have that there is no non-zero Bessel vector that is strongly disjoint with
all ξi . This implies that there is no non-zero Bessel vector that is strongly disjoint with ξ˜ . Thus,
from Lemma 2.9, we get that there is a (unique) unitary operator u′ ∈ σ(G)′ such that η˜ = u′ξ˜ .
Let u′i = u′1,iP ′i (where [u′1,1, . . . , u′1,N+1] is the first row vector of u′). Then it can be checked
that η = u′ ξ1 + · · · + u′ ξN+1, and u′ satisfy all the requirements listed in (i). 1 N+1 i
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resentation is replaced by projective unitary representations of countable groups. In particular,
Theorems 2.6 and 2.7 remain true for Gabor unitary representations. The interested reader can
check (cf. [7–12,15,16]) for definitions and recent developments about projective unitary repre-
sentations and Gabor representations.
3. Parseval frames and subgroups
In this section we will only be interested in Parseval frame vectors ξ that have ‖ξ‖2 = 1
N
.
We will assume in addition that there is a subgroup H of G of index N . The next proposition
shows that in this situation we can find orthonormal bases for H obtained by the action of the
subgroup H .
Proposition 3.1. Let G be a countable ICC group and let π : G → U(H) be a unitary repre-
sentation of the group G on the Hilbert space H. Suppose ξ ∈ H is a Parseval frame vector for
H with ‖ξ‖2 = 1
N
for some N ∈ N. Assume in addition that there exists an ICC subgroup H
of index [G : H ] = N . Then there exists a Parseval frame vector η for H with the property that√
N{π(h)η | h ∈ H } is an orthonormal basis for H.
Proof. By Theorem 1.9 we can assume that H = p′l2(G) for some p′ ∈ L(G)′ with trL(G)′(p′) =
1
N
and π = λ restricted to p′l2(G). We claim that dimL(H) H = 1.
Using [18, Proposition 2.3.5, Example 2.3.3, Proposition 2.2.1] we have
dimL(H) H = dimL(G) H ·
[
L(G) : L(H)]= N dimL(G) p′l2(G)
= N trL(G)′(p′)dimL(G) l2(G) = 1.
Thus (see [18, Chapter 2.2]) the Hilbert space H considered as a module over L(H), with the
representation π(h) = λ(h)p′, h ∈ H , is isomorphic to the module l2(H), i.e., there exists an
isometric isomorphism Φ : H → l2(H) such that Φπ(h) = λ(h)Φ for all h ∈ H .
Define η := 1√
N
Φ−1(δe). Then
√
N{π(h)η | h ∈ H } = Φ−1{δh | h ∈ H } so it is an orthonor-
mal basis for H.
We check that {π(g)η | g ∈ G} is a Parseval frame for H. Let {a1, . . . , aN } be a complete set
of representatives for the left-cosets {gH | g ∈ G}. Let v ∈ H. Then, since √N{λ(h)η | h ∈ H }
is an orthonormal basis, we have
∑
g∈G
∣∣〈v,π(g)η〉∣∣2 = N∑
i=1
∑
h∈H
∣∣〈v,π(aih)η〉∣∣2 = N∑
i=1
∑
h∈H
∣∣〈π(ai)∗v,π(h)η〉∣∣2
=
N∑
i=1
1
N
∥∥π(ai)∗v∥∥2 = 1. 
Remark 3.2. The condition ‖ξ‖2 = 1
N
is essential. In other words, suppose η is a Parseval frame
vector for the representation π of G on H. Let H be a subgroup of G of index N , and suppose
the family {π(h)η | h ∈ H } is an orthogonal basis for the whole space H. Then ‖ξ‖2 = 1 .N
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hand, using the orthogonal basis, for all x ∈ H:
∑
h∈H
∣∣〈π(h)η, x〉∣∣2 = ‖η‖2‖x‖2.
On the other hand, using the Parseval frame
‖x‖2 =
N∑
i=1
∑
h∈H
∣∣〈π(gi)π(h)η, x〉∣∣2 = N∑
i=1
∣∣〈π(h)η,π(gi)∗x〉∣∣2
=
N∑
i=1
‖η‖2∥∥π(gi)∗x∥∥2 = N‖x‖2‖η‖2, thus ‖η‖2 = 1
N
.
We saw in Theorem 2.2 that we can construct N strongly disjoint Parseval frame vectors for
our Hilbert space H. We want to see if we can do this in such a way that, by undersampling
with the subgroup H , we have orthonormal bases (up to a multiplicative constant), as in Propo-
sition 3.1. We prove that this is possible in the case when H is normal and has an element of
infinite order.
Theorem 3.3. Let G be a countable ICC group and let π : G → U(H) be a unitary represen-
tation of the group G on the Hilbert space H. Suppose there exists a Parseval frame vector
ξ ∈ H with ‖ξ‖2 = 1
N
, N ∈ Z. Assume in addition that H is a normal ICC subgroup of G with
index [G : H ] = N , and H contains elements of infinite order. Then there exist a strongly dis-
joint N -tuple η1, . . . , ηN of Parseval frame vectors for H such that for all i = 1,N , the family√
N{π(h)ηi | h ∈ H } is an orthonormal basis for H.
Proof. By Proposition 1.8, we can assume that π is the restriction of the left-regular representa-
tion λ on p′l2(G), where p′ is a projection in L(G)′, with trL(G)′(p′) = 1N .
We will define some unitary operators ui on l2(G) that will help us build the frame vectors ηi
from just one such frame vector η given by Proposition 3.1.
Let ak , k = 0,N − 1 be a complete set of representatives for the cosets in G/H . Since H is
normal, a−1k H , k = 0,N − 1 forms a partition of G. We can take a0 = e.
Define the functions ϕj : G → C, ϕj (g) = e2πi kjN if g ∈ a−1k H . Note that
N−1∑
k=0
ϕi
(
a−1k g
)
ϕj
(
a−1k g
)= 0 (g ∈ G, i 
= j). (3.1)
Indeed, if g = arh for some r ∈ {0, . . . ,N − 1} and h ∈ H , then a−1k g, k = 0,N − 1 will lie in
different sets of the partition {a−1l H }l=0,N−1, because H is normal. Then
N−1∑
ϕi
(
a−1k g
)
ϕj
(
a−1k g
)= N−1∑ e2πi (i−j)kN = 0.
k=0 k=0
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i = 0,N − 1, g ∈ G, h ∈ H .
Define the operators uj on l2(G) by uj δg := ϕj (g)δg , for all g ∈ G, j = 0,N − 1. Since uj
maps an ONB to an ONB, it is a unitary operator on l2(G).
Then for all g ∈ G, using (3.1),
N−1∑
k=0
λ(ak)uiu
∗
j λ(ak)
∗δg =
N−1∑
k=0
ϕi
(
a−1k g
)
ϕj
(
a−1k g
)
δg = 0.
Also
uiλ(h)δg = ϕi(hg)δgh = ϕi(g)δgh = λ(h)uiδg,
so ui commutes with λ(h) for all i = 0,N − 1, h ∈ H .
We want to compress the unitaries ui to a subspace p′1l2(G) for some well chosen projection
p′1 in L(G)′. Take h0 ∈ H , such that hn0 
= e for all n ∈ Z \ {0}. Then, with ρ the right-regular
representation,
〈
ρ(h0)
nδe, δe
〉= δn = ∫
T
zn dμ(z) (n ∈ Z),
where μ is the Haar measure on T. Then let p′1 be the spectral projection χE(ρ(h0)), where E
is a subset of T of measure 1
N
. We have
trL(G)′
(
p′1
)= 〈p′1δe, δe〉= 〈χE(ρ(h0))δe, δe〉=
∫
T
χE dμ = 1
N
.
Also, for i = 0,N − 1, g ∈ G,
uiρ(h0)δg = uiδgh−10 = ϕi
(
gh−10
)
δ
gh−10
= ϕi(g)δgh−10 = ρ(h0)uiδg,
so uiρ(h0) = ρ(h0)ui , and therefore p′1 commutes with all ui , i = 0,N − 1. In addition, since
p′1 ∈ L(G)′, it commutes with λ(g) for all g ∈ G.
Then we compute for i 
= j
N−1∑
k=0
(
λ(ak)p
′
1
)(
p′1uip′1
)(
p′1ujp′1
)(
λ(ak)p
′
1
)∗
δg = p′1
N−1∑
k=0
λ(ak)uiu
∗
j λ(ak)
∗δg = 0.
The operators u˜i := p′1uip′1 are unitary on p′1l2(G) because p′1 commutes with ui . Also,
p′1uip′1 commute with λ(h) on p′1l2(G).
We will couple these results with the following lemma to finish the proof.
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a projection in L(G)′ with trL(G)′(p′1) = 1N and let η ∈ p′1l2(G) such that
√
N{λ(h)η | h ∈ H } is
an orthonormal basis for p′1l2(G). Suppose u˜i , i = 0,N − 1 are unitary operators on p′1l2(G)
such that u˜i commutes with λ(h) for all h ∈ H , and for some complete set of representatives
a0, . . . , aN−1 of the left-cosets in G/H ,
N−1∑
k=0
λ(ak)u˜i u˜
∗
j λ(ak)
∗ = 0 (i 
= j).
Then the vectors u˜iη0, i = 0, . . . ,N − 1 have the following properties:
(i) √N{λ(h)u˜iη0 | h ∈ H } is an orthonormal basis for p′1l2(G) for all i = 0, . . . ,N − 1.
(ii) u˜0η0, . . . , u˜N−1η0 is a strongly disjoint N -tuple of Parseval frame vectors.
Proof. Since u˜i commutes with λ(h) for all h ∈ H , property (i) follows immediately from the
hypothesis. This implies also that u˜iη is a Parseval frame vector for p′1l2(G) (see the proof of
Proposition 3.1).
To check the strong disjointness, let Θi be the frame transform of the vector u˜iη0. Let
ΘH0 : p′1l2(G) → l2(H) be the frame transform for the 1√N -orthonormal basis {λ(h)η | h ∈ H }.
Then ΘH0
∗
ΘH0 = 1N I . We have for v ∈ p′1l2(G):
Θi(v) =
(〈
v,λ(g)u˜iη
〉)
g∈G =
((〈
v,λ(ak)λ(h)u˜iη
〉)
h∈H
)
k=0,N−1
= ((〈u˜∗i λ(ak)∗v,λ(h)η0〉)h∈H )k=0,N−1.
Then for v, v′ ∈ p′1l2(G),
〈
Θi(v),Θj (v
′)
〉= N−1∑
k=0
∑
h∈H
〈
u˜∗i λ(ak)∗v,λ(h)η
〉〈
u˜∗j λ(ak)∗v,λ(h)η
〉
=
N−1∑
k=0
〈
ΘH0
(
u˜∗i λ(ak)∗v
)
,ΘH0
(
u˜∗j λ(ak)∗v′
)〉
=
N−1∑
k=0
〈
λ(ak)u˜jΘ
H
0
∗
ΘH0 u˜
∗
i λ(ak)
∗v, v′
〉= 0.
This proves that the frames are strongly disjoint. 
Returning to the proof of the theorem, we see that we can apply Lemma 3.4. Let η be a
Parseval frame vector in p′1l2(G) such that
√
N{λ(h)η | h ∈ H } is an ONB for p′1l2(G). It can
be obtained from Proposition 3.1. Then, using Lemma 3.4, we get that ηi := p′1uip′1η form a
strongly disjoint N -tuple of Parseval frames and √N{λ(h)ηi | h ∈ H } are ONBs for p′1l2(G).
Then we can move everything onto our space H, because trL(G)′(p′1) = trL(G)′(p′) so the projec-
tions p′1 and p′ are equivalent in L(G)′ and the representations λ on p′1l2(G) and π on H are
equivalent. 
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(i) There exist ICC groups with ICC subgroups of any finite index. For example, let FN the
free group on N generators and p ∈ N. Also, let φ : FN → Zp a surjective group morphism.
Then H := Kerφ is a (free, thus ICC) normal subgroup of FN of finite index.
(ii) There exist ICC groups without finite index proper subgroups. For example, let F be the
Thompson’s group and F ′ its commutator. Both groups are ICC (see, e.g., [17]). Moreover,
F ′ is infinite and simple. By a classic group theoretical argument an infinite simple group
cannot have finite index proper subgroups. Indeed, let G be infinite simple and H of finite
index k in G. Then there exists a group morphism from G to the (finite) group of permu-
tations of the set of right-cosets X := {Hgi | i = 1, . . . , k}. This is given by g → αg where
αg(Hgi) = Hgig. Because G is infinite the kernel of the above morphism must be non-
trivial. Moreover, because G is simple the kernel must be all of G, i.e., αgi (H) = H = Hgi
for all i = 1, . . . , k. Hence H is not proper.
(iii) If G is ICC and H is a finite index subgroup of G then H is ICC. Indeed, let G = ∪kj=1cjH ,
where cj are distinct left-cosets representatives. If for some h ∈ H the conjugacy class
{ghg−1 | g ∈ H } is finite then the set {cjgh(cjg)−1 | g ∈ H,j = 1, . . . , k} is finite. Notice
{chc−1 | c ∈ G} ⊂ {cjgh(cjg)−1 | g ∈ H,j = 1, · · · , k}. However, the conjugacy class of h
in G is infinite as G is ICC.
(iv) There exist ICC groups with all elements of finite order, e.g., the Burnside groups of large
enough exponents (see [20]).
Proposition 3.6. Let G be a countable ICC group and let π : G → U(H) be a unitary representa-
tion of the group G on the Hilbert space H. Suppose ξ ∈ H is a Parseval frame vector for H with
‖ξ‖2 = M
N
for some M,N ∈ N. Assume in addition that there exists a normal ICC subgroup H of
index [G : H ] = N such that H contains elements of infinite order. Then there exists K := N
M

strongly disjoint Parseval frame vectors ηi for H, i = 1, . . . ,K such that {π(h)ηi | h ∈ H } is an
orthogonal family (in a subspace of H) for all i = 1, . . . ,K .
Proof. Consider a projection p′ in L(G)′ of trace trL(G)′(p′) = 1N . Using Theorem 3.3 we can
find ξ1, . . . , ξN strongly disjoint Parseval frame vectors for H1/N := p′l2(G) with the repre-
sentation π1/N := p′λ, such that for all i = 1, . . . ,N , {π(h)ξi | h ∈ H } is an orthogonal basis
for H1/N .
Then consider the representation πM1/N on HM1/N with the strongly disjoint Parseval frame
vectors ηi := ξ(M−1)i+1 ⊕ · · · ⊕ ξMi , i = 1, . . . ,K .
Using Proposition 1.8 we have that πM1/N is equivalent to a subrepresentation of the left-regular
representation, corresponding to a projection of trace ‖ξ1 ⊕· · ·⊕ ξM‖2 = MN . But the same is true
for the representation π on H. Therefore the two representations are equivalent and the vectors
ηi can be mapped into H to obtain the conclusion. 
Remark 3.7. Suppose the hypotheses of Theorem 3.3 are satisfied, with N  2. Then we can
construct uncountably many inequivalent Parseval frame vectors η for H with the property that
{πh(η) | h ∈ H } is a Riesz basis for H.
To see this, use Theorem 3.3 to obtain strongly disjoint Parseval frame vectors η1, . . . , ηN
for H, such that {π(h)ηi | h ∈ H } is an orthogonal basis for H, for all i = 1,N .
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= |β|. Using Theorem 2.6, we obtain that
ηα,β := αη1 + βη2 is a Parseval frame vector for H.
Since η1 and η2 generate orthogonal bases under the action of H , there is a unitary u ∈ π(H)′
such that uη1 = η2. Then ηα,β = (α + βu)η1. Since u is unitary and |α| 
= |β| it follows that
α + βu is invertible. Therefore {π(h)ηα,β | h ∈ H } = {(α + uβ)π(h)η1 | h ∈ H } is a Riesz basis
for H.
It remains to see when two such vectors ηα,β, ηα′,β ′ are equivalent. Using Theorem 2.7 we see
that this happens only if |α| = |α′|, |β| = |β ′| and αβ = α′β ′, i.e., (α,β) = c(α′, β ′) for some
c ∈ C with |c| = 1. Since we can find uncountably many pairs (α,β) such that no two such pairs
satisfy this condition, it follows that we can construct uncountably many inequivalent Parseval
frame vectors ηα,β that satisfy the given conditions.
Finally we discuss how our results fit in the recent effort on the Feichtinger’s frame decompo-
sition conjecture. It was recently discovered (in particular, by Pete Casazza and his collaborators)
that the famous intractible 1959 Kadison–Singer Problem in C∗-algebras is equivalent to funda-
mental open problems in a dozen different areas of research in mathematics and engineering
(cf. [3,4]). Particularly, the KS-problem is equivalent to the Feichtinger’s problem which asks
whether every bounded frame (i.e., the norms of the vectors in the frame sequence are bounded
from below) can be written as a finite union of Riesz sequences. Since this question is intractible
in general, much of the effort has been focused on special classes of frames. One natural and
interesting class to consider is the class of frames obtained by group representations [see open
problems posted at the 2006 “The Kadison–Singer Problem” workshop]. Unfortunately, except
for a very few cases (e.g., Gabor frames associated with rational lattices [2]) very little is known
so far even for this special class. Particularly, it is unknown whether for every (frame) unitary
representation we can always find one frame vector which is “Riesz sequence” decomposable.
Therefore the results obtained in this section certainly addressed some aspects of the research
effort in this direction. In particular, we have the following as a consequence of our main result.
Proposition 3.8. Let G be a countable ICC group and assume that there exists an ICC subgroup
H of index [G : H ] = N . Then
(i) If p′ ∈ L(G)′ is any projection such that trL(G)′(p′) 1N , then there exist a Parseval frame
vector η for the subrepresentation π := L|p′ such that {π(g)η: g ∈ G} is a finite union of
Riesz sequences.
(ii) For any ONB vector for the left-regular representation L and any α such that 1 > α  1
N
,
there exists a projection p′ ∈ L(G)′ such that trL(G)′(p′) = α and {p′L(g)ψ : g ∈ G} is a
finite union of Riesz sequences.
Proof. (i) Since L(G)′ is a factor von Neumann algebra, there exists a subprojection q ′ of p′
such that trL(G)′(q ′) = 1N . By Proposition 3.1, there exists a Parseval frame vector, say η1, for
the representation π |q ′ such that {
√
Nπ(h)η1: h ∈ H } is orthonormal. By Lemma 2.4, we can
“dilate” η1 to a Parseval frame vector η for π . Let η2 = (p′ − q ′)η. Then for any sequence
{ch}h∈H (finitely many of them are non-zero) we have
∥∥∥∥ ∑ chπ(h)η
∥∥∥∥2 =
∥∥∥∥ ∑ chπ(h)η1
∥∥∥∥2 +
∥∥∥∥ ∑ chπ(h)η2
∥∥∥∥2 
∥∥∥∥ ∑ chπ(h)η1
∥∥∥∥2h∈H h∈H h∈H h∈H
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{π(h)η1: h ∈ H } is Riesz.
(ii) Let r ′ ∈ L(G)′ be a projection such that trL(G)′(r ′) = α. Then by part (i) there exists a
Parseval frame vector ξ such that {σ(h)ξ : h ∈ H } is a Riesz sequence, where σ = L|r ′ . We will
show that there exists a projection p′ ∈ L(G)′ such that {p′L(g)ψ : g ∈ G} and {σ(g)ξ : g ∈ G}
are unitarily equivalent, and this will imply that {p′L(h)ψ : h ∈ H } is a Riesz sequence.
In fact, again by Lemma 2.4, there exists ONB vector ψ˜ for the left-regular representation L
such that r ′ψ˜ = ξ . Since both ψ and ψ˜ are ONB vectors for L we have that there exists a unitary
operator u′ ∈ L(G)′ such that ψ = u′ψ˜ . Let p′ = u′r ′u′∗. Then p′ ∈ L(G)′ is a projection such
that trL(G)′(p′) = trL(G)′(r ′) = α. Moreover,
p′L(g)ψ = L(g)p′ψ = L(g)(u′r ′u′∗)u′ψ˜ = u′L(g)r ′ψ˜ = u′L(g)ξ = u′σ(g)ξ
for all g ∈ H . Hence {p′L(g)ψ : g ∈ G} and {σ(g)ξ : g ∈ G} are unitarily equivalent, as claimed
and so we completed the proof. 
There are some interesting special cases. For example, as we mentioned in Remark 3.5 if G is
a free group with more than one generator, then we can find Nk → ∞ such that there exist ICC
subgroups Hk having the property [G : Hk] = Nk . Thus we have the following corollary which
for the free group case answered affirmatively one of two open problems posted by Deguang Han
at the 2006 “The Kadison–Singer Problem” workshop.
Corollary 3.9. Let G be a free group with more than one generator. Then
(i) For any non-zero projection p′ ∈ L(G)′, there exists a Parseval frame vector η for the sub-
representation π := L|p′ such that {π(g)η: g ∈ G} is a finite union of Riesz sequences.
(ii) For any ONB vector for the left-regular representation L, and any α > 0, there exists a
projection p′ ∈ L(G)′ such that trL(G)′(p′) = α and {p′L(g)ψ : g ∈ G} is a finite union of
Riesz sequences. This sequence will be orthogonal when α = 1
N
for some N ∈ N.
References
[1] Akram Aldroubi, David Larson, Wai-Shing Tang, Eric Weber, Geometric aspects of frame representations of abelian
groups, Trans. Amer. Math. Soc. 356 (12) (2004) 4767–4786 (electronic).
[2] Peter G. Casazza, Ole Christensen, Alexander M. Lindner, Roman Vershynin, Frames and the Feichtinger conjec-
ture, Proc. Amer. Math. Soc. 133 (4) (2005) 1025–1033 (electronic).
[3] Peter G. Casazza, Matthew Fickus, Janet C. Tremain, Eric Weber, The Kadison–Singer problem in mathematics and
engineering: A detailed account, in: Operator Theory, Operator Algebras, and Applications, in: Contemp. Math.,
vol. 414, Amer. Math. Soc., Providence, RI, 2006, pp. 299–355.
[4] Peter G. Casazza, Janet Crandell Tremain, The Kadison–Singer problem in mathematics and engineering, Proc.
Natl. Acad. Sci. USA 103 (7) (2006) 2032–2039 (electronic).
[5] Ingrid Daubechies, Ten Lectures on Wavelets, CBMS-NSF Regional Conf. Ser. in Appl. Math., vol. 61, Society for
Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 1992.
[6] R.J. Duffin, A.C. Schaeffer, A class of nonharmonic Fourier series, Trans. Amer. Math. Soc. 72 (1952) 341–366.
[7] Jean-Pierre Gabardo, Deguang Han, Subspace Weyl–Heisenberg frames, J. Fourier Anal. Appl. 7 (4) (2001) 419–
433.
[8] Jean-Pierre Gabardo, Deguang Han, Frame representations for group-like unitary operator systems, J. Operator
Theory 49 (2) (2003) 223–244.
[9] Jean-Pierre Gabardo, Deguang Han, The uniqueness of the dual of Weyl–Heisenberg subspace frames, Appl. Com-
put. Harmon. Anal. 17 (2) (2004) 226–240.
3090 D.E. Dutkay et al. / Journal of Functional Analysis 256 (2009) 3071–3090[10] Karlheinz Gröchenig, Foundations of Time–Frequency Analysis, Appl. Numer. Harmon. Anal., Birkhäuser Boston
Inc., Boston, MA, 2001.
[11] Deguang Han, Tight frame approximation for multi-frames and super-frames, J. Approx. Theory 129 (1) (2004)
78–93.
[12] Deguang Han, Frame representations and Parseval duals with applications to Gabor frames, Trans. Amer. Math.
Soc. 360 (6) (2008) 3307–3326.
[13] Deguang Han, David R. Larson, Frames, bases and group representations, Mem. Amer. Math. Soc. 147 (697) (2000),
x+94.
[14] Deguang Han, D. Larson, Wandering vector multipliers for unitary groups, Trans. Amer. Math. Soc. 353 (8) (2001)
3347–3370 (electronic).
[15] Deguang Han, David R. Larson, Frame duality properties for projective unitary representations, Bull. London Math.
Soc. 147 (40) (2008) 685–695.
[16] Christopher Heil, History and evolution of the density theorem for Gabor frames, J. Fourier Anal. Appl. 13 (2)
(2007) 113–166.
[17] Paul Jolissaint, Central sequences in the factor associated with Thompson’s group F , Ann. Inst. Fourier (Greno-
ble) 48 (4) (1998) 1093–1106.
[18] V. Jones, V.S. Sunder, Introduction to Subfactors, London Math. Soc. Lecture Note Ser., vol. 234, Cambridge
University Press, Cambridge, 1997.
[19] Richard V. Kadison, John R. Ringrose, Fundamentals of the Theory of Operator Algebras, vol. II, Grad. Stud. Math.,
vol. 15, Amer. Math. Soc., Providence, RI, 1997, Elementary theory, reprint of the 1983 original.
[20] A.Ju. Ol’šanskiı˘, On the question of the existence of an invariant mean on a group, Uspekhi Mat. Nauk 35 (4(214))
(1980) 199–200.
[21] Joaquim Ortega-Cerdà, Kristian Seip, Fourier frames, Ann. of Math. (2) 155 (3) (2002) 789–806.
[22] Wai Shing Tang, Eric Weber, Frame vectors for representations of abelian groups, Appl. Comput. Harmon.
Anal. 20 (2) (2006) 283–297.
